k-nearest neighbors (kNN)



The problem we’ll solve today
Given an image of a handwritten digit, say which digit it is
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Some more examples:
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MNIST dataset
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- Training set of 60,000 images and their labels

« Test set of 10,000 images and their labels



Nearest neighbor classification

(60000)

Y

. Training images »(V, 2 () .

., 4/(60900) gre numbers from 0 — 9

. Labels y™, y® y®

T -
GO NOUQ-OwOd
— DM — o~ 4
H O~ P VIONne
SOJe-ONrtnoeme
i =—QO0 s~
AMNFarQQOm
M= S T
PN~=wATNMN—=VI
NS =0
SOV —4d 9N
o —r-N=m 09
RO FN\N=m—2wm
Hr—oodr~-NKh)
wGroeMa@oc-nneg
ralbOo~=0dqdwD
OOT=I0hay—Q
—NT=ENO—H~
rT=QON~UVUVY
~rITFICerYV
oMY -0 ®
— M= Q)=
TN=—S QT 0NWV
-0 QMDY e YW



Nearest neighbor classification

60000
I )

Y

9

) 2@ 43)

« Training images (!

., 4/(60900) gre numbers from 0 — 9

. Labels y™, y® y®

T -
G INOUQ-OwO
— DM — o~ 4
H O~ PV
SOl - tnoeme
J—=QOo A~ Q
AMFarQOm O
M S T
PN~wAAT N~V
NG00
SOy —4d0N%
WO —c-N=m 9
RO N=m -V
Her—wudrt~-Nho
oM@ nnnvg
ralbOo~=0dqdwD
NVOT=JI0ha—Q
—wNT =N =~
rT=QO VY
—_rITTCPVINY
oMY -0 ®
— I Ot )
TN=—9Q 0NV
-0 QMDY e YW

How to classify a new image z?

- Find its nearest neighbor amongst the z(*)

« Return y®
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Data as vectors
How to measure the distance between images?
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Stretch each image into a vector with 784 coordinates
z1 =(0,0,0,...,0.6,1,1,1,0,0,1,1,0.8,...,0,0,0)
y(l) —6



The distance function

Euclidean distance in two dimensions is



Euclidean distance in higher dimension

Two images a and b:

a = (a1,a9,as,...,a7s4)
b= (blab27b37 .. '7b784)

The Euclidean distance between ¢ and b is

la —blla = /(a1 — b1)2 + (az — bo)? + ... + (args — brsa)?

784
— J z(ai —b)?

1=1



Nearest neighbor classification

,¢(60000)

., z:(60000) | gapels ¢y y@) ¢y

Training images =", 2 20 .

—~NC QO -
GO NOUQ-OwO
— O — -
O~ Prr-VIOUne
S OJe-Nrlnoemem
i =—QO s~
AMNFOarQOO0Om
MM T T
PN~=wATNMN—=VI
RNV K=o
SeOoNY —J4 0%
Fe—c- N =09 Q
RO FN\N=m—2w™
Nr—oodrt~NK
oM@V
rolbOor~=0dqdvD
ONOT=I0h—0Q
—NT=NO =Y~
T =0QO~UY
_rIFECrIY
oML -0 ®
NI D )
TN=—-B O WWV
-0 QMDY e YR



Nearest neighbor classification
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To classify a new image =

« Find its nearest neighbor in Euclidean
distance, say z(*)

. Return y®
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Accuracy of Nearest Neightbor on MNIST
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Predictions on all points in the Training set

Question: What is the accuracy?



Accuracy of Nearest Neightbor on MNIST
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Predictions on all points in the Test set

Question: What is the accuracy?



Examples of errors

Test set of 10,000 points

« 309 are misclassified
Examples of errors:

Test image

T
Nearest neighbor q

L S 8
g T 9

Ideas for improvement: k-NN



k-nearest neighbor classification

To classify a new point:

« Find the £ nearest neighbors in the training set

« Return the most common label amongst them

MNIST:
k 1 3 5 7 9 11

Testerror(%)\3.09 294 3.13 3.10 3.43 3.34

need to find k before final eval on the test set



Validation

|
Single Dataset

5 I -
| |

|
Single Dataset

Train on Training set with £ = 1 = Evaluate on the Validation set
Train on Training set with £ = 3 = Evaluate on the Validation set
Train on Training set with £ = 5 = Evaluate on the Validation set



Cross-validation

Training Data - Holdout

Validation Training Data

0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100%



Other distance function
a:(al,ag,...,am) b:a)l,bg,...,bm).

« Cosine similarity

_ab a b
lall2llblls llall2 {6l

measures the angle between vector a and b.

dcos(aa b)

—1< dcos(aab) <L



Examples
a=(1,2,2)  b=(3,4,0)



Distance between time series

Euclidean distance Dynamic Time Warping

use dynamic time warping



k-NN regression

y is continuous x = test data
(x1,91), (T2,92), - - ., (xx, yx) @re k-nearest neighbors of x.

Prediction:

wlr—‘



Example



