Support Vector Machine



Classification

Minimize the number of misclassified labels instead of probability.
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Line equation
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Classification
Data: (X, yM), (X@),y@), . (X0, ™).

d+ 1 variables: X® = ({7 ", ... z1), y® € {41, -1}
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Classification

The Support Vector Machines (SVM) is defined by the parameters

0 = (61,...,04) and a which minimize the number of misclassified points
6 {+1 if X0 .0 —a>0
Ul i x® g —a<o
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Support Vector Machines

Data: (X, yM), (X3, 5@, ..., (x™,y™)
Predictions: (X, 5), (X, 5),... (x™, ™)

i +1 fXD.0-—a>0
where 3 = .
—1 fXD.9—a<0

How do we check if a point is correctly classified?
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Support Vector Machines

Data: (X, yM), (X3, 5@, ..., (x™,y™)
Predictions: (X, 5), (X, 5),... (x™, ™)

i +1 fXD.0-—a>0
where 3 = .
—1 fXD.9—a<0

How do we check if a point is correctly classified?

(XD . g — ) >0 ?f co.rrectly.cllassified
< 0 if misclassified



Support Vector Machines

We want to maximize the number of correctly classified points

Find 0 = (64, ...,6,) and « that maximize:

number of points with y®@(X® .4 — ) >0

We will do this in a couple of steps...



Step 1: construct margins

L1

support vectors

Zo



Step 2: maximize the margins

1 e X f-a=1
X-0—a=0
X 0—a=-1

/ Zo
We want to maximize d, but what is d?



The size of margin

1

X-0—-—a=1

SO

X-0—a=0
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Hard-margin SVM

X-0—a=0

Zo

X -0—a=-1

Find 6 and « that minimize
. 2
min |3
subject to
y (XD .9 —a)>1

for all points (X, y;).




Hard-margin SVM

Find 0 and « that minimize ||0]|3

st y (X9 .9 —a)>1 foralli

This is a convex optimization problem:
« Convex objective function

« Linear constraints

This means that the solution can be found efficiently.



One data point

Area of all 6 that satisfies the constraint:

y (XD . g—a)>1

‘91 yO(XD . g—a)=1
A




Six data points

Area of all § that satisfies the constraint:

y (XD . 9g—a)>1 fori=1,2,3,4,56

0, ~

yD(XD .9 —a)>1

for all ¢




Minimization with constraint

Find ¢ that minimizes ||0||3

st y(X®D.0—a)>1 fori=1,2,3,4,56
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Dual form

Find 6 and « that minimizes ||0||3

st y(X@.9—a)>1 foralli Primal form




Dual form

Find 6 and « that minimizes ||0||3

st y(X@.9—a)>1 foralli Primal form

is equivalent to

Find aq, as, ... a, that maximize Zj aj — %Z” yiyjoziozj(X(i) . X(j))

where o;; > 0and > ajy; =0, Dual form
J

then compute 6 = 37" | o,y X




Interpretation of o;’s

0 — Z aiy® X
i=1

Theorem. ¢, is only non-zero when (X () () is a support vector!

T X-0-a=1

X 0—a=-1

support vectors

Lo



Support Vector Machines

Is finding a separating hyperplane on this data possible?
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Support Vector Machines

or is it always a good idea?

v ¢ *  x
@ . g ©
% e
| v *
Yo
, *
. %
u i *
u
C v [N
¢ 8



Support Vector Machines
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Introduce a slack variable r;



Soft-margin SVM

Find ¢, « and r; that minimize [|0]|3 + C ", r;

sty (XD .9—a)>1—r; foralli
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Examples

Find 0, « and r; that minimize ||0]|2 + C' ", r;

st.yD(XD.0—a)>1—r; foralli
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Examples

Find 0, « and r; that minimize ||0]|2 + C' ", r;

st.yD(XD.0—a)>1—r; foralli
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Examples

Find 0, « and r; that minimize ||0]|2 + C' ", r;

st.yD(XD.0—a)>1—r; foralli
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Choosing

Find ¢, « and r; that minimize [|0]|3 + C 3", r;

sty (XD .90—a)>1—r; foralli

C has to be chosen prior to training SVM

How to choose C?



Dual form of soft-margin SVM

Find 6, a and r; that minimize [|0||2 + C 3", r;

st yD(X®D.0—a)>1—r; foralli Primal form

is equivalent to

Find a1, as, . .. a, that maximize 3, o — %Zi,j yiyjaioy (X @ - X 0))

where 0 < a; < Cand > ajy; =0, Dual form
J

then compute 6 = 37 | o,y X @




Nonlinear separability

How do we deal with nonlinear boundaries?

Example: X = (z1,2z2),y € {+1,—1}




Adding new features

X2

Idea: From (z1,x2) we add more features: (22, 22, x12)

q)($17 $2) = (xh x2, .%'%, x%a .%'1$2)
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Adding new features

Suppose we originally have d features: X = (zq,...

Idea: add more features:

2 .2 2
X1, Lo, ..., T

L1X2,T1L3,y ..., Ld—-1T(



Adding new features

Suppose we originally have d features: X = (z1,...,z4)

Idea: add more features:

2 .2 2
X1, Lo, ..., T
L1X2,T1L3,y ..., Ld—-1T(

New data vector:

O(x1,...,249) = (xl,...,xd,x%, .. .,xi,xlxg,...,xdxd_l)



Quick question

2 2
O(x1,29,...,24) = (T1, .., Tgy TTs -, TG T1T2, -+, TaTG—1)

What is the dimension of ®(x)?



Kernel trick

Recall the dual form of the soft-margin SVM:

Find a1, as, ... a, that maximize Zj aj — %Zi,j yiyjaiozj(X(i) . X(j))

where 0 < o; < C and Zajyj > 0, Dual form
J

then compute 6 = 37 | a;y® X )




Kernel trick

Replace with transformed vectors:

Find oy, ao, . . . o, that maximize
Siag— 52 vy (R(X @) . @(X )

where 0 < a; < C and Zajyj =0, Dual form
J

then compute 6 = 37 | a;y D& (X #))

Magic: we can compute ®(X () . (X ()) without ever writing out ®(X ) and
(X))



Computing dot product

Example in 2D

X = (z1,72) and ®(x) = (21, 22, 23, 3, 1172)



Computing dot product

Example in 2D

X = (z1,72) and ®(x) = (21, 22, 23, 3, 1172)

Actually, tweak a little: ®(X) = (1,v/2z1, vV2x2, 22, 22,221 22)
and Z = (z1, 22), S0 ®(Z) = (1, V22, \/522,2%,2’%, \/izlzg)
What is &(X) - &(Z)?



Kernel trick

Suppose X = (x1,x2,...,24) and
(X)) = (1, \/51‘1, ceey \/ﬁxd, x%, .. 7$3l7 \/§x1$2, ce \@xd_lxd)
Then

(X) - 0(2)
= (1,V2x1,...,V2xq,23, ..., 2%, V2120, ..., V224 124)
(1, \[zl,...,\@zd,z%,...,z?l,\@zlzg,...,\/izd,lzd)
=14+ 22371'751‘ + fozf + QZ:IJZ'IL’jZiZj

i i i2j
=(1+X-2)?



MNIST example

X0 = (z1,...,2784), ®(X®) has 308,504 dimensions

Find 6 and « that minimizes ||0||3

sty (@(X®D).0—-a)>1 foralli Primal form

Find a1, as, . .. ay, that maximize
S — 52 vy (@(X @) . (X))

where 0 < o; < C'and > ajy; =0, Dual form
J

then 6 = >0 | iy ®(X (@)

wait, looking at the formula of 6...do we have to compute ®(X ®)) after all?



Kernel SVM

1. Basis expansion. Mapping X — ®(X)
2. Learning. Solve the dual problem:

Find a1, az, ... a, that maximize
2= 3 > i yiyjaio; (B(X D) . &(X0)))

where 0 < o; < Cand ) ajy; =0
J

3. Classification. Given a new point X, classify as

Tl San@(X D) 8(X)) —a <0



Kernel SVM (more general)

In general, we may use a kernel function k(X, Z) which measures the similarity
between X and Z

1. Learning. Solve the dual problem:
Find a1, as, . .. a,, that maximize 3, o; — %Z” yiyjoua (k(X @, X 0)))

where 0 < o < Cand Y ajy; =0
J

2. Classification. Given a new point X, classify as

i ey (XD, X) —a >0
Y7 o1 S, ey @R(X®, X) —a <0



Examples of kernel functions

« Polynomial
KXW x0)) = (14 X0 . x0)d

« RBF (Gaussian kernel)

, _ X6 _ x@|2
K(X(Z),X(])) = exp (_ H H )

202

« Sigmoid ’ . ’ .
K(X® X)) = tanh(nX® . X 4 1)



Example: RBF kernel




Example: RBF kernel




Conclusions

« Support Vector Machine
- As a convex optimization problem
- Hard-margin SVM
- Soft-margin SVM
- Primal and Dual forms

« Nonlinear boundaries
- Mapping to a higher dimension
- Kernel trick
- Kernel SVM



